A new non-central potential, consisting of a pseudoharmonic potential plus another recently proposed ringshaped potential, is solved. It has the form
Introduction
The solution of the fundamental dynamical equations is an interesting phenomenon in many fields of physics and chemistry. Obtaining the exact -state solutions of the Schrödinger equation (SE) is possible only for a few potentials. Hence approximation methods are used to obtain their solutions [1] [2] [3] [4] . So far, much work in this direction has been done for solving the stationary SE with anharmonic potentials in two dimensions (2D) and three dimensions (3D) [5] [6] [7] [8] [9] [10] with many applications to molecular and chemical physics. The study of the SE with these potentials provides us with insight into the physical problem under consideration. However, the study of bound-states of the SE for some of these potentials in arbitrary dimensions D is fundamental to understanding the molecular spectrum of a diatomic molecule [11, 12] . The Harmonic oscillator [13, 14] and H-atom (Coulombic) [13] [14] [15] problems have been thoroughly studied in D-dimensional space quantum mechanics for any angular momentum quantum number These two problems are related with each other and hence the respective resulting second-order differential equations both have normalized orthogonal polynomial function solutions.
In addition, the pseudoharmonic potential may be used for the energy spectrum of linear and non-linear systems [16] [17] [18] [19] [20] [21] . It is generally used for discussion of molecular vibrations. Additionally, this potential possesses advantages over the harmonic and leads to equally spaced energy levels. The pseudoharmonic potential, which, while more realistic than the harmonic, maintains some of the advantages, such as the availability of explicit solutions. Also, the pseudoharmonic and Mie-type potentials [16] [17] [18] [19] [20] [21] [22] [23] are two exactly solvable potentials other than the Coulombic and the anharmonic oscillator [13] [14] [15] .
Exactly complete bound-state solutions of the 3D SE for the pseudoharmonic potential consisting of an anharmonic oscillator-like potential with an additional centrifugal potential barrier does not complicate the solutions, which are available in closed form. Due to importance of the pseudoharmonic potential in chemical physics, the quantum systems with this potential in 3D [20, 21, [24] [25] [26] [27] [28] , in 2D [29] and D-dimensions [30, 31] were also investigated. Recently, the solution was also carried out by using an orthogonal polynomial solution method and also by performing a proper transformation procedure [32] . In addition, the analytical solutions of the D-dimensional radial SE with some diatomic molecular potentials like pseudoharmonic [32] and modified Morse or Kratzer-Fues [33] potential have been solved by selecting a suitable ansatz to the wave function [34] [35] [36] .
On the other hand, the study of exact solutions of the SE for non-central physical potentials, resulting from adding a potential proportional to ( sin θ) −2 to the exactly solvable vector (central) Coulombic and harmonic parts, is of considerable interest in quantum chemistry, beginning with the pioneering work of Hartmann [37] [38] [39] and Makarov et al [40] on ring-shaped potentials. In recent years, numerous studies [41] [42] [43] [44] [45] have been made in analyzing the bound states of an electron in a Coulomb field with the simultaneous presence of an Aharanov-Bohm (AB) [46] field, and/or a magnetic Dirac monopole [47] , and Aharanov-Bohm plus oscillator (ABO) systems. These contributions were achieved by solving the SE through separating the variables in spherical, parabolic or other orthogonal curvilinear coordinate systems. In addition to this standard method, there are three other main methods used to investigate this quantum system. These methods including the path integral approach are used for particles moving in non-central potentials to get the energy spectrum analytically [48] [49] [50] . The idea of supersymmetry quantum mechanics (SUSYQM) and the shape invariance method are also used to obtain exact solutions of such non-central but separable potentials [51] [52] [53] . The radial and angular parts of the Laplacian of the SE can be treated by using the idea of shape invariance within the same framework, the non-bijective Kustaanheimo-Stiefel (KS) canonical transformation [54] and the dynamical group theoretical method [55] [56] [57] [58] and so on. It is also worth remarking upon the work by Kibler and Winternitz [59, 60] where the algebraic structure and the dynamical group of invariance as well as the associated spectrum-generating algebra are both constructed and analyzed. These kinds of potentials have also been considered by Quesne [61] . Recently, a new ringshaped potential was proposed by Quesne [61] in which the Coulomb part of the Hartmann potential was replaced by a harmonic oscillator term. In addition, the dynamical invariance algebra and 'accidental degeneracy' have been carried out for this new model potential. Further, Blado [62, 63] applied the SUSYQM to this family of ring-shaped potential. Recently, Chen and Dong [64] found a new ring-shaped (non-central) potential and obtained the exact solution of the SE for the Coulomb potential plus this new ringshaped potential which has possible applications to ringshaped organic molecules like cyclic polyenes and benzene. The complete exact energy bound-state solution and the corresponding wave functions of a class of non-central potentials [65] have been solved recently by means of the Nikiforov-Uvarov (NU) method [65] [66] [67] [68] [69] [70] [71] [72] . Very recently, Cheng and Dai [73] , proposed a new potential consisting of a modified Kratzer's potential [75] plus the new proposed ring-shaped potential in [64] . They have presented the energy eigenvalues for this proposed exactly-solvable non-central potential in 3D-SE using the NU method. The two quantum systems solved by Refs. [64, 73] are closely relevant to each other as they deal with a Coulombic field interaction except for an additional centrifugal potential barrier acting as a repulsive core which for any arbitrary angular momentum prevents collapse of the system in any dimensional space due to this additional perturbation to the original angular momentum barrier. In very recent works [76] [77] [78] , we have obtained analytically the exact energy eigenvalues and the corresponding normalized wave functions of the SE in D-dimensions with the proposed ring-shaped modified Kratzer potential [76] and the ring-shaped modified Coulomb potential [77, 78] using the NU method [65] [66] [67] [68] [69] [70] [71] [72] [73] [75] [76] [77] [78] . The purpose of this work is to solve the SE for the pseudoharmonic plus ring-shaped potential offered in [64] . This new proposed potential falls amongst the class of noncentral potentials which have been solved in [64] . In spherical coordinates, we have given this appellation to the non-central potential [24, 73] 
where D = 1 8 κ 2 is the dissociation energy between two atoms in a solid with force constant κ and is the equi-librium bond length and β is a positive real constant. This proposed potential reduces to the pseudoharmonic potential in the limiting case of β = 0 [20, 21, [30] [31] [32] It involves finding the bound-state energies and wave functions in terms of special orthogonal functions such as Laguerre and Jacobi polynomials. This work is organized as follows: in section 2, we shall briefly introduce the basic concepts of the NU method. Section 3 is mainly devoted to the exact solution of the SE in D-dimensions for this quantum system by means of the NU method. Finally, the relevant results are discussed in section 4.
Basic Concepts of the Method
The NU method is based on solving the second-order linear differential equation by reducing it to a generalized equation of hypergeometric type [66] . In this method after employing an appropriate coordinate transformation = ( ) the Schrödinger equation can be written in the following form:
where σ ( ) and σ ( ) are polynomials, at most of seconddegree, and τ( ) is a first-degree polynomial. In order to find a particular solution to Eq. (1), we use the following wave function
This reduces Eq. (2) to an equation of a hypergeometric type
where
and thus a new eigenvalue equation for the second-order differential equation is
The polynomial τ( ) with the parameter and prime factors show the differentials at first degree be negative. It is worthwhile to note that λ or λ are obtained from a particular solution of the form ( ) = ( ) which is a polynomial of degree The other part ( ) of the wave function (3) is the hypergeometric-type function whose polynomial solutions are given by the Rodrigues relation
where B is the normalization constant and the weight function ρ( ) must satisfy the condition [41] [42] [43] [44] [45] 
The function π and the parameter λ are defined as follows:
In principle, since π( ) has to be a polynomial of degree at most one, the expression under the square root sign in (10) can be arranged to be the square of a polynomial of first degree [66] . This is possible only if its discriminant is zero. In this case, an equation for is obtained. After solving this equation, the obtained values of are substituted in (10) . In addition, by comparing Eqs. (7) and (11), we obtain the energy eigenvalues.
Exact solutions of the quantum system
The proposed potential (1) can be simply rewritten in the form of an isotropic harmonic oscillator plus an inverse quadratic plus ring-shaped potential as
The potential in (12) solved for the limiting case of β = 0 by using the orthogonal polynomial solution method [32] and by the Rydberg-Klein-Rees (RKR) procedures [20, 21] . In fact the energy spectrum for the potential in (12) can be obtained directly since the potential is classified amongst the separable non-central potentials discussed previously in [65] . Our aim is to derive analytically the exact energy spectrum for a moving particle in the presence of the potential (12) . We begin by considering the SE in arbitrary dimensions D for our proposed potential [30, 31, [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] ]
where µ and E denote the reduced mass and energy of two interacting particles, respectively. x is a D-dimensional position vector with the hyperspherical Cartesian components 1 2 · · · D given as follows 1 [30, 31, [91] [92] [93] [94] [95] [96] :
. . .
. . . 
The volume element of the configuration space is given by
where 
as a simultaneous eigenfunction of L 2 :
The unit vector along x is usually denoted by x = x/ Additionally, the angular momentum operators L 2 are defined as [30, 31, [91] [92] [93] [94] [95] [96] :
The substitution of Eqs. (15) and (17)- (19) into Eq. (13) permits us to obtain, via the separation of variables, the following equation:
where L 
( +
. . . (24) is periodic and must satisfy the period boundary condition Φ( + 2π) = Φ(θ 1 = ) from which we obtain [13, 14] 
Further, Eqs. (22) and (23) representing the angular wave equations become
with ∈ [2 D − 2] D > 3 and Λ which is well-known in three-dimensional space [98] 3 Eqs. (26) and (27) are to be solved in the following subsection.
The solutions of the D-dimensional angular equations
In order to apply the NU method, we introduce a new variable = cos θ Hence, Eq. (27) is then rearranged in the form of the universal associated-Legendre differential equation
where ∈ [2 D − 2] D > 3 By comparing Eq. (28) and (2), the corresponding polynomials are obtained
(29) Inserting the above expressions into equation (10) and taking σ ( ) = −2 , one obtains the following function:
Following the method, the polynomial π( ) is found to have the following four possible values: 6), one selects the following physically valid solutions:
which yields from Eq. (6) that
Making use from Eqs. (7) and (11), the following expressions for λ are obtained, respectively,
Upon comparing Eqs. (34) and (35), we obtain
In addition, using Eqs. (3) - (5) and (8) - (9), we obtain the following useful parts of the wavefunctions:
where ∈ [2 D − 2] D > 3 Besides, substituting the weight function ρ( ) given in (37) into Eq. (8), we obtain the Rodrigues relation:
where A is the normalization factor. Finally the angular wavefunction is
with given in Eq. (36) becomes
Likewise, using = cos θ D−1 we can rewrite Eq. (26) in the associated Legendre form
Eq. (41) has been recently solved in 3D by the NU method in [73, [76] [77] [78] . However, our aim is to solve it in D-dimensions. Comparing Eqs. (41) and (2), the corresponding polynomials are obtained
(43) Inserting the above expressions into equation (10) and taking σ ( ) = −2 , one obtains the following function:
Following the method, the polynomial π( ) is found to have the following four possible values:
Imposing the condition τ ( ) < 0 in Eq. (6), one selects the following physically valid solutions:
We compare Eqs. (48) and (49) and from the definition ν = ( + D − 2) the new angular momentum values are obtained as
which can be easily reduced to the well-known solution
in 3D [73] . Using Eqs. (3) - (5) and (8) - (9), we obtain the following useful parts of the wavefunctions:
In addition, the Rodrigues relation (8) gives
where B D−1 is the normalization factor. Finally the angular wavefunctions are
The solutions of the radial equation
The aim of this subsection is to solve the problem with a different radial separation function ( ) in any arbitrary number of dimensions. The radial equation given in Eq. (21) can be rewritten as
(56) where
We study the bound state (real) solutions, i.e. E > This can be realized by employing a suitable transformation, = 2 and letting ε = 2μ
one can transform Eq. (56) into the following form: (59) We now apply the NU-method, Eq. (59) is compared with (2) , and the corresponding polynomials are obtained
The polynomial π( ) in Eq. (10) can be found by substituting Eq. (60) and taking σ ( ) = 2 Hence, the polynomial π( ) is
According to this conventional method, the form of the expression under the square root in Eq. (61) is to be set equal to zero and solved for the two roots of -which can be readily obtained as
In view of that, we arrive at the following four possible functions of π( ) : 
The correct value of π( ) is chosen such that the function τ( ) given by Eq. (6) will have a negative derivative [66] . So we can select the physically valid solutions to be
and
which give
Using Eqs. (7) and (11), the following expressions for λ are obtained, respectively,
Hence, using Eqs. (66) and (67), the energy eigenvalues are:
Upon substituting
with defined in (50), Eq. (68) 
where N = 0 1 2 and is defined after Eq. (45). (ii) For the 3D-pseudoharmonic potential (β = 0) case we have = Thus the present problem reduces to the pseudoharmonic solution:
where is given by Eq. (51) and it is found to be consistent with Ref. [32] . Let us now find the radial wave functions for Eq. (56) . Because φ ( )/φ( ) = π( )/σ ( ) and (σ ( )ρ( )) = τ( )ρ( ) the functions φ( ) and ρ( ) can be obtained:
Then ( ) can be written as
Thus, the wave functions ( ) can be obtained, in the form of the generalized Laguerre polynomials L ( ), as
Finally, the radial wave functions of the Schrödinger equation are obtained
where [103] C 
On the other hand, the wave functions in (80) can be reduced to their standard forms in [32] if one sets β = 0 Therefore, we finally have 
By choosing appropriate values of the parameters D and the desired exact energy spectrum and the corresponding wave functions can be calculated for every case.
Conclusions
We have obtained the exact bound state solutions of the D dimensional radial SE for a diatomic molecule with the ring-shaped pseudoharmonic potential using the NU method for any N Λ D−2 . Furthermore, the wave functions are expressed in terms of special orthogonal functions such as Laguerre and Jacobi polynomials [103] . The procedure in this study is systematic for finding the exact boundstate energy spectra and the corresponding wave functions of the SE which is essential in understanding the structure of the diatomic molecules (cf. Ref. [32] ). This new proposed potential can be reduced to the commonly known pseudoharmonic potential in the 3D which appears to describe the molecular vibrations quite well, by doing the following transformations: Λ D−2 → → = + This is consistent with equations of other works in 3-dimensions.
